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We demonstrate that in the framework of standard general relativity polytropic spheres with
properly fixed polytropic index n and relativistic parameter σ, giving ratio of the central pressure
pc to the central energy density ρc, can contain region of trapped null geodesics. Such trapping
polytropes can exist for n > 2.138 and they are generally much more extended and massive than
the observed neutron stars. We show that in the n–σ parameter space the region of allowed trapping
increase with polytropic index for interval of physical interest 2.138 < n < 4. Space extension of
the region of trapped null geodesics increases with both increasing n and σ > 0.677 from the
allowed region. In order to relate the trapping phenomenon to astrophysically relevant situations,
we restrict validity of the polytropic configurations to their extension rextr corresponding to the
gravitational mass M ∼ 2M of the most massive observed neutron stars. Then for the central
density ρc ∼ 1015 g cm−3 the trapped regions are outside rextr for all values of 2.138 < n < 4, for
the central density ρc ∼ 5 × 1015 g cm−3 the whole trapped regions are located inside of rextr for
2.138 < n < 3.1, while for ρc ∼ 1016 g cm−3 the whole trapped regions are inside of rextr for all values
of 2.138 < n < 4, guaranteeing astrophysically plausible trapping for all considered polytropes. The
region of trapped null geodesics is located closely to the polytrope centre and could have relevant
influence on cooling of such polytropes or for binding of gravitational waves in their interior.
I. INTRODUCTION
Extremely compact objects having surface R located
under the radius rph of photon circular geodesic of the
external Schwarzschild (or some generalized spherically
symmetric vacuum) spacetime are important because
they have to contain a region of trapped null geodesics
that could be relevant for trapping of gravitational waves
[1], or radiated neutrinos [2]. Existence of the extremely
compact objects has been demonstrated in the physi-
cally implausible, but principally very interesting case of
spheres with uniform distribution of energy density (but
radii dependent distribution of pressure) [3–6]. However,
the models of neutron or quark stars based on the known
realistic equations of state do not allow for the existence
of extremely compact objects defined in this way, as in
the most extreme cases there is R ≥ 3.5M > rph = 3M
where M denotes mass of the compact star [7].
Surprisingly, recent study related to the general rela-
tivistic polytropic spheres in spacetimes with the repul-
sive cosmological constant demonstrates possibility to ob-
tain relativistic polytropic spheres containing near their
centre a region with trapped null geodesics [8]. This is
an important result as surface of such polytropes can
be located above rph = 3M so that we could recon-
sider definition of the extremely compact objects re-
stricting attention solely to the existence of trapped null
geodesics region. Although the polytropic spheres repre-
sent some physical idealization, it is well know that they
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represent non-relativistic (n = 1.5) and ultra-relativistic
(n = 3) degenerated Fermi gas that can be taken quite
seriously, being interesting physically especially for the
ultra-relativistic Fermi gas [9].
For this reason, we study in detail the existence of gen-
eral relativistic polytropes containing a region of trapped
null geodesics. The role of the cosmological constant is
relevant only for very extended objects with radius close
to the static radius of the external spacetime [10–12] and
low central density [8]. It is thus clear that it will be ir-
relevant for our study and we can abandon the influence
of the cosmological constant. In order to find the regions
of trapped null geodesics we use, following the paper [8],
the construction of the so-called optical geometry, related
to the polytrope internal spacetime, and its embedding
diagrams. This is quite efficient method as in the spheri-
cally symmetric spacetimes the turning points of the op-
tical geometry embedding diagrams correspond to the
stable and unstable photon circular geodesics implying
existence of region of trapped null geodesics [13]. We re-
late the general discussion of the trapping polytropes to
situations of direct astrophysical relevance, demonstrat-
ing their strong dependence on the central energy density
and restricting validity of the polytropic state equations
to regions giving masses smaller than the observational
limit of neutron stars mass (M ∼ 2M). We present de-
tailed discussion in the case of the ultra-relativistic Fermi
gas with polytropic index n = 3.
II. POLYTROPE STRUCTURE EQUATIONS
For a spherically symmetric, static spacetime, ex-
pressed in terms of the standard Schwarzschild coordi-
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2nates, the line element takes the form
ds2 = −e2Φc2dt2 + e2Ψdr2 + r2(dθ2 + sin2 θdφ2). (1)
The metric has two unknown functions of the radial co-
ordinate, Φ(r) and Ψ(r). The static configuration is as-
sumed to be a perfect fluid having the stress-energy ten-
sor
Tµν = (p+ ρc
2)UµUν + p δ
µ
ν , (2)
where Uµ denotes the 4-velocity of the fluid. In the fluid
rest-frame ρ = ρ(r) represents the mass-energy density
and p = p(r) represents the isotropic pressure.
We assume the mass-energy density and pressure re-
lated by the polytropic equation of state
p = Kρ1+1/n, (3)
where constant n denotes the polytropic index. K de-
notes a constant governed by the thermal characteristics
of a given polytropic configuration by specifying the den-
sity ρc and pressure pc at its center — it is determined
by the total mass and radius of the configuration, and
the relativistic parameter [14]
σ ≡ pc
ρcc2
=
K
c2
ρ1/nc . (4)
For a given pressure, the density is a function of temper-
ature. Therefore, the constant K contains the tempera-
ture implicitly. The polytropic equation is a limiting form
of the parametric equations of state for the completely
degenerate gas at zero temperature that can be relevant,
e.g., for neutron stars. In such situation, both n and
K are universal physical constants [14]. The polytropic
law assumption enables to describe basic properties of
the fluid configurations governed by the relativistic laws.
The equation of state of the ultrarelativistic degenerate
Fermi gas is determined by the polytropic equation with
the adiabatic index Γ = 4/3 corresponding to the poly-
tropic index n = 3, while the non-relativistic degenerate
Fermi gas is determined by the polytropic equation of
state with Γ = 5/3, and n = 3/2 [9].
The structure equations of the general relativistic poly-
tropic spheres are determined by the Einstein field equa-
tions
Rµν − 1
2
Rgµν =
8piG
c4
Tµν , (5)
and by the local energy-momentum conservation law
Tµν;ν = 0. (6)
The structure of the polytropic spheres is governed by
the two structure functions. The first one, θ(r), is related
to the mass-energy density radial profile ρ(r) and the
central density ρc [14]
ρ = ρcθ
n, (7)
with the boundary condition θ(r = 0) = 1. The second
one is the mass function given by the relation
m(r) =
∫ r
0
4pir2ρdr, (8)
with the integration constant chosen to be m(0) = 0,
to guarantee the smooth spacetime geometry at the ori-
gin [15]. At the surface of the configuration at r = R,
there is ρ(R) = p(R) = 0, the total mass of the poly-
tropic configuration M = m(R). Outside the polytropic
configuration, the spacetime is described by the vacuum
Schwarzschild metric.
The structure equations of the polytropic spheres re-
lated to the two structure functions, θ(r) and m(r), and
the parameters n, σ, can be put into the form [8, 14]
σ(n+ 1)
1 + σθ
r
dθ
dr
(
1− 2Gm(r)
c2r
)
+
Gm(r)
c2r
= −G
c2
σθ
dm
dr
,
(9)
dm
dr
= 4pir2ρcθ
n.
(10)
Introducing the characteristic length scale L of the
polytropic sphere [14]
L =
[
(n+ 1)Kρ
1/n
c
4piGρc
]1/2
=
[
σ(n+ 1)c2
4piGρc
]1/2
, (11)
and the characteristic mass scale M of the polytropic
sphere
M = 4piL3ρc = c
2
G
σ(n+ 1)L, (12)
the structure equations, Eqs. (9) and (10), can be trans-
formed into dimensionless form by introducing a dimen-
sionless radial coordinate
ξ =
r
L , (13)
and dimensionless gravitational mass function
v(ξ) =
m(r)
4piL3ρc . (14)
The dimensionless structure equations then take the
form (for details see [8, 14])
ξ2
dθ
dξ
1− 2σ(n+ 1) (v/ξ)
1 + σθ
+ v(ξ) = −σξθdv
dξ
, (15)
dv
dξ
= ξ2θn. (16)
For fixed parameters n, σ, the structure equations (15)
and (16) have to be simultaneously solved under the
boundary conditions
θ(0) = 1, v(0) = 0. (17)
3From Eqs. (16) and (17) it follows that v(ξ) ∼ ξ3 for
ξ → 0 and, according to Eq. (15), we obtain
lim
ξ→0+
dθ
dξ
= 0. (18)
The surface of the polytropic sphere, r = R, is repre-
sented by the first zero point of θ(ξ), denoted as ξ1:
θ(ξ1) = 0. (19)
Therefore, the solution ξ1 determines the surface radius
of the polytropic sphere, and the solution v(ξ1) deter-
mines its gravitational mass.
The solutions of the polytropic structure equations can
be obtained by numerical methods only [14], with the
exception of the n = 0 polytropes governing the spheres
with a uniform distribution of the energy density when
the solution can be given in terms of the elementary func-
tions [3, 8].
III. CHARACTERISTICS OF THE
POLYTROPIC SPHERES
A polytropic sphere constructed for given parameters
n, σ and ρc is characterized by two solutions of the struc-
ture equations ξ1 and v(ξ1) and by the scale factors L and
M. Then the radius of the polytropic sphere reads
R = Lξ1, (20)
while the gravitational mass of the sphere is given by
M =Mv(ξ1) = c
2
G
Lσ(n+ 1)v(ξ1). (21)
The radial profiles of the energy density, pressure, and
mass-distribution are given by the relations
ρ(ξ) = ρcθ
n(ξ), (22)
p(ξ) = σρcθ
n+1(ξ), (23)
M(ξ) = M
v(ξ)
v(ξ1)
. (24)
The temporal metric coefficient takes the form
e2Φint = (1 + σθ)−2(n+1)
{
1− 2σ(n+ 1)v(ξ1)
ξ1
}
, (25)
and the radial metric coefficient takes the form
e−2Ψint = 1− 2σ(n+ 1)v(ξ)
ξ
. (26)
Detailed discussion of the polytropic spheres, including
their gravitational binding energy and the internal en-
ergy, can be found in [8, 14].
The compactness parameter governing effectiveness of
the gravitational binding of the polytropic spheres is
given by the relation
C ≡ GM
c2R
=
1
2
rg
R
=
σ(n+ 1)v(ξ1)
ξ1
, (27)
where we have introduced the standard gravitational ra-
dius of the polytropic sphere that reflects its gravitational
mass in length units,
rg =
2GM
c2
. (28)
The compactness C of the polytropic sphere can be repre-
sented by the gravitational redshift of radiation emitted
from the surface of the polytropic sphere [6].
All the characteristic functions introduced above can
be determined only by numerical procedures for the poly-
tropic equations of state with n > 0. The special case
of polytropes with n = 0 corresponds to the physically
unrealistic polytropic configurations with a uniform dis-
tribution of energy density; for them the characteristic
functions can be given in terms of elementary functions
and they could serve as a test bed for more complex gen-
eral polytropes [3, 8].
The external vacuum of the polytropic sphere is rep-
resented by the Schwarzschild spacetime with the same
gravitational mass parameter M as those characterizing
the internal spacetime of the polytropic sphere, and is
given by the metric coefficients
e2Φext = e−2Ψext = 1− 2GM
c2r
. (29)
The photon sphere of the Schwarzschild spacetime,
given by the photon circular geodesics, is located at the
radius [15]
rph =
3GM
c2
=
3
2
rg. (30)
In the following we compare the radius of obtained
polytropic spheres containing a region of trapped null
geodesics to this radius of photon sphere in order to test,
if the original definition of the extremely compact objects
(R < rph) is satisfied. The relevant condition then reads
C > 1/3.
In order to have a deeper insight into the character of
polytropes containing a region of trapped null geodesics,
we will consider also the locally defined compactness of
the polytrope, related to a given radius r = Lξ and given
by the relation
C(ξ) ≡ σ(n+ 1)v(ξ)
ξ
. (31)
We can then test, if the condition C(ξ) > 1/3 is satisfied
inside the trapping polytropes.
IV. EMBEDDINGS OF THE OPTICAL
GEOMETRY RELATED TO THE POLYTROPIC
SPHERES
We concentrate our attention on the visualization of
the structure of the internal spacetime of the general rel-
ativistic polytropes, considering the optical geometry of
4the spacetime. Such a visualization enables us to find
easily the polytropic structures containing a region of
trapped null geodesics.
A. Embedding diagrams
The curvature of the internal spacetime of the poly-
tropes can conveniently be represented by the standard
embedding of 2D, appropriately chosen, spacelike sur-
faces of the ordinary 3-space of the geometry (here, these
are t = const sections of the central planes) into 3D Eu-
clidean space [15].
The 3D optical reference geometry [16] related to the
spacetime under consideration, enables us to introduce a
natural “Newtonian” concept of gravitational and iner-
tial forces, reflecting some hidden properties of the test
particle motion [13, 17–19]. For an alternative approach
to the concept of inertial forces see, e.g., the “special rel-
ativistic” one [20]. Properties of the inertial forces are
reflected by the embedding diagrams of appropriate 2D
sections of the optical geometry. The embedding dia-
grams of the n = 0 polytropes were presented in [4], here
they are applied for relativistic polytropes with n > 0.
Note that using the optical reference geometry, it can
be shown that extremely compact configurations allow-
ing the existence of bound null geodesics exist [4, 21].
For the extremely compact relativistic polytropes with
trapped null geodesics a turning point of the embedding
diagram of the optical geometry occurs [13].
We embed the equatorial plane of the optical reference
geometry into the 3D Euclidean space with the line ele-
ment
dσ˜2 = dρ2 + ρ2dα2 + dz2. (32)
The embedding is represented by a rotationally symmet-
ric surface z = z(ρ) with the 2D line element:
d`2(E) =
[
1 +
(
dz
dρ
)2]
dρ2 + ρ2dα2. (33)
B. Optical reference geometry
In the static spacetimes, the metric coefficients of the
optical 3D space are determined by [16]
hik =
gik
−gtt . (34)
In the equatorial plane, the line element has the form
d`2(opt) = hrrdr
2 + hφφdφ
2 (35)
that has to be identified with d`2(E). The azimuthal co-
ordinates of the Optical space and the Euclidean space
can be identified (α ≡ φ), but the radial coordinates are
related by
ρ2 = hφφ. (36)
Then the embedding formula is determined by(
dz
dρ
)2
= hrr
(
dr
dρ
)2
− 1. (37)
We transform the embedding formula into a parametric
form z(ρ) = z(r(ρ)) implying
dz
dr
=
√
hrr −
(
dρ
dr
)2
. (38)
The turning points of the embedding diagrams are given
by the condition [13]
dρ
dr
= 0. (39)
We have to include into consideration also the so-called
reality condition determining the limits of embeddability
hrr −
(
dρ
dr
)2
≥ 0. (40)
C. Embeddings of the polytrope optical geometry
For the general relativistic polytropes, the metric co-
efficients of the optical geometry take the form
hrr =
e2Ψ
e2Φ
=
[1 + σθ(ξ)]2(n+1)
1− 2σ(n+ 1)v(ξ1)/ξ1
×
{
1− 2σ(n+ 1)v(ξ)
ξ
}−1
, (41)
hφφ =
r2
e2Φ
=
r2[1 + σθ(ξ)]2(n+1)
1− 2σ(n+ 1)v(ξ1)/ξ1 . (42)
It is convenient to introduce a new dimensionless coordi-
nates η and z˜ by
η =
ρ
L , z˜ =
z
L (43)
Then we can write
η =
ξ[1 + σθ(ξ)]n+1[
1− 2σ(n+ 1) v(ξ1)ξ1
]1/2 (44)
and
dη
dξ
=
[1 + σθ(ξ)]n
{
1 + σ
[
θ(ξ) + (n+ 1)ξ dθdξ
]}
[
1− 2σ(n+ 1) v(ξ1)ξ1
]1/2 . (45)
The condition governing the turning points of the em-
bedding diagrams reads
σ
[
θ(ξ) + (n+ 1)ξ
dθ
dξ
]
= −1. (46)
The embedding formula takes the form
5(
dz˜
dξ
)2
=
{
1− 2σ(n+ 1)v(ξ1)
ξ1
}−1{
1− 2σ(n+ 1)v(ξ)
ξ
}−1
2σ(n+ 1)[1 + σθ(ξ)]2n
×
{{
1 + σ
[
θ(ξ) + (n+ 1)ξ
dθ
dξ
]}2
v(ξ)
ξ
− ξdθ
dξ
[
1 + σθ(ξ) +
σ
2
(n+ 1)ξ
dθ
dξ
]}
. (47)
FIG. 1. Optical geometry of the polytropic sphere having
n = 3 and σ = 3/4. Turning points corresponding to the
stable and unstable null circular geodesics are depicted as
circles rc and rb.
The condition of embeddability giving the limits of ap-
plicability of the embedding procedure takes the form{
1 + σ
[
θ(ξ) + (n+ 1)ξ
dθ
dξ
]}2
v(ξ)
ξ
− ξdθ
dξ
[
1 + σθ(ξ) +
σ
2
(n+ 1)ξ
dθ
dξ
]
≥ 0. (48)
Notice that the embedding diagrams are related purely
to the solutions of the dimensionless structure equations
of the general relativistic polytropes, being independent
of the length scale factor L governing physical extension
and gravitational mass of the polytropes. For this rea-
son, the existence of the zones of null geodesics trapping
will be also independent of the length scale factor L. The
trapping phenomenon is thus fully governed by the poly-
trope parameters n and σ — it is formally independent
of the central density ρc that, however, enters definition
of the relativistic parameter σ.
Using numerically obtained solutions of the polytrope
structure equations, we give examples of the embedding
diagrams. In Fig. 1 the embedding diagram of the opti-
cal geometry of the internal n = 3 polytrope spacetime
is given for the extremal value of the relativistic param-
eter σ = 3/4 allowed by the causality limit [14]. As
demonstrated in [13], the turning points of the diagram
correspond to the (inner) stable null circular geodesics at
radius rph(s) = rc and the (outer) unstable null circular
geodesic at radius rph(u) = rb. The radius rc corresponds
to the centre of the trapping region, while the radius rb
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FIG. 2. Embedding diagram constructed for several
polytropic spheres having the polytropic and relativistic pa-
rameters {n, σ} valued gradually as {2.2, 11/16}, {2.5, 5/7},
{2.7, 27/37}, {3, 7/10}, {3, 18/25}, {3, 3/4} (curves in same
order as growing η coordinate of the turning points rc and rb
corresponding to null circular geodesics).
corresponds to its outer boundary. In Fig. 2, we demon-
strate how the optical geometry embeddings depend on
the polytrope index n, and on the relativistic parameter
σ for fixed n. In the next section, we use the embed-
dings for detailed study of the existence of the trapping
zones for null geodesics in dependence on the polytropic
parameters n and σ.
V. GENERAL RELATIVISTIC POLYTROPES
CONTAINING REGION OF TRAPPED NULL
GEODESICS
Numerical solutions of the structure equations of the
polytrope spheres yield the dimensionless radial profiles
of energy density, mass and metric coefficients, and the
dimensionless extension and mass parameters ξ1 and
v1 = vξ1 . These solutions are governed by the parameters
n and σ, being independent of the third parameter gov-
erning the polytrope spheres, ρc, that governs the length
and mass scales of the polytropes. We restrict our atten-
60.5 1.0 1.5 2.0 2.5
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0.5
FIG. 3. Searching of the critical relativistic parameter
σmin(n) and the turning points of the “turning” optical geom-
etry embedding diagrams. If turning function T (ξ;σ, n) = −1
for two different values of coordinate ξ, the trapping effect ex-
ists for given pair {n, σ}. Curves are depicted for n = 3. Pa-
rameter σ is gradually increased from given nonzero value up
to σmax. Similar behaviour of plotted turning functions can
be seen also for other values of the polytropic index n > 2.138.
tion to the polytropic spheres with the standard choice
of the polytropic index, 0 ≤ n ≤ 4.
A. Demarcation of trapping region in the n–σ
parameter space
As demonstrated in the previous section, a region with
trapped null geodesics can exists in the interior of the
polytropic spheres, if the parameters n and σ are con-
veniently chosen. We thus give first the region of the
n–σ parameter space determining the polytropic spheres
demonstrating the trapping phenomenon.
We have to put in the beginning the upper causal limit
on the relativistic parameter. To avoid a super-luminal
speed of sound in the gas, maximal value of the rela-
tivistic parameter σ for fixed polytropic index n is lim-
ited. For adiabatic processes in the polytropic spheres,
the phase velocity of the sound is given by
v2s =
(
dp
d%
)
adiabatic
. (49)
Because the radial profile of the pressure in any poly-
tropic fluid sphere is a monotonically decreasing func-
tion, the limit on maximum value of σ results from the
restriction on the speed of sound in the centre, giving
thus the relation
vsc ≡ c
(
n+ 1
n
σ
)1/2
< c. (50)
Whence for a given polytropic index n one gets the upper
limit restriction
σ ≤ n
n+ 1
≡ σmax. (51)
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FIG. 4. Trapping polytropes in parameter n-σ space. Figure
is giving the span of possible parameter σ for given polytropic
index in the interval 2.138 < n < 4 for which the trapping
effect exist.
Using the behaviour of left hand side of Eq. (46), de-
noted as the turning function σ
[
θ(ξ) + (n+ 1)ξ dθdξ
]
≡
T (ξ;σ, n), we can numerically search for the existence of
polytropic spheres demonstrating the trapping effect by
solving the equation T (ξ;σ, n) = −1, as graphically de-
picted in Fig. 3 in the special case of n = 3 polytropes.
If there are, for a fixed n, some values of σ implying two
different solutions, ξc and ξb, of this equation, the trap-
ping region exists, and the solutions give radii of the sta-
ble and unstable circular geodesics. We shall confirm this
conclusion in the following by direct study of the effective
potential of the null geodesics of the internal spacetime of
such polytropic configurations. If there is, for the fixed n,
only one solution, where ξc = ξb, the minimal value of the
relativistic parameter σmin allowing for trapping is found.
The numerical analysis demonstrates that the trapping
region start to exist for properly selected relativistic pa-
rameter σ, if the polytropic index overcomes the critical
minimal value of nmin
.
= 2.1378. The limiting maximal
(and simultaneously minimal) allowed value of the rela-
tivistic parameter reads σmax(n = 2.1378) = 0.681.
Based on the above given procedure, the turning point
limit σmin(n) presented in Fig. 4 has been obtained.
Together with the causal limit of σmax(n), the turning
points limit provides in the parameter n–σ plane restric-
tion on the existence of polytrophic spheres containing
trapped null geodesics.
B. Physically relevant polytropic spheres
Now we can provide more detailed information on
the physical properties of the polytropic spherical con-
figurations containing regions of trapped null geodesics.
For selected values of the polytropic index n and re-
lated maximal allowed values of the relativistic parame-
72.5 3.0 3.5 4.0
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2.1378 3.068
FIG. 5. Mass of the trapping polytropes with σ = σmax,
contained under the radius of photon circular orbits rc and
rb, is given in dependence on the polytropic index n for three
central densities %c: 1) 10
15 g cm−3 (dashed lines); 2) 5 ×
1015 g cm−3 (solid lines); 3) 1016 g cm−3 (dotted lines).
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FIG. 6. Position of the null geodesics stable rc and unstable
rb radii and the limit radius rextr in dependence on polytropic
index n is given for the polytropes with three central densities
%c: 1) 10
15 g cm−3 (dashed lines); 2) 5 × 1015 g cm−3 (solid
lines); 3) 1016 g cm−3 (dotted lines). For the last case and
n < 2.17, the polytropic balls have mass M < 2M, therefore
rextr3 does not exist for such values of n.
ter σmax(n), properties of such configurations, like the
total gravitational mass, the surface radius, and the
radii rc and rb governing the trapping zone of the poly-
trope, are summarized in Tab. I for the special selection
of the central energy density of the polytropic sphere
ρc = 5 × 1015 g cm−3. We give also the ratio ρ(r)/ρc
at the radii r = rc, r = rb. Compactness of these poly-
tropes will be studied separately.
In the second step of our considerations, we put our re-
sults into an astrophysical context, related to the obser-
vational restrictions of the neutron stars, by considering
dependence of our general dimensionless results on the
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FIG. 7. Trapping polytropes with σ = σmax. Energy density
on location of null geodesics and loci of rextr in dependence
on the polytropic index n are given for three central densities
%c: 1) 10
15 g cm−3 (dashed lines); 2) 5 × 1015 g cm−3 (solid
lines); 3) 1016 g cm−3 (dotted lines). Functions %(rc)/%c and
%(rc)/%c are the same for all three depicted cases. For the last
case and n < 2.17 the polytropic balls have mass M < 2M.
central energy density parameter ρc governing the exten-
sion and mass of the polytrope configuration. It should
be noted that all the characteristic radii and masses of
the polytropic spheres depend significantly on the cen-
tral energy density — with increasing central density the
radii and masses decrease as 1/
√
ρc.
Because of the observationally given limit on the mass
of the neutron stars Mmax(o) ∼ 2M [7, 22], we will as-
sume that the physical relevance of the polytropic equa-
tion of state is limited by the radius rextr where the
polytrope sphere reaches the mass m(rextr) = 2M;
above this radius the sphere should be described by dif-
ferent equations of state, as well known from the the-
ory of neutron stars [9]. The maximum mass of neu-
tron stars allowed theoretically by realistic equations of
state Mmax(t) ∼ 2.8M [23], while the minimal sur-
face radius Rmin ∼ 10 km [24]. Moreover, we will as-
sume that the central energy density is supernuclear, i.e.,
ρc > 10
15 g cm−3.
In order to search for trapping polytropes having physi-
cal relevance, we have to compare the characteristic radii
of the trapping zone rc and rb to the rextr radius giv-
ing limit on physical relevance of the polytropic sphere.
This can be done using the results presented in Tab. I
for the central density ρc = 5× 1015 g cm−3. We can see
that the gravitational mass and the surface radius of the
relativistic polytropes exceed significantly the mass and
radii related to the observed neutron stars; the discrep-
ancy strongly increases with increasing polytropic index
n. On the other hand, the limiting radius rextr is for all
considered values of n well comparable to the observed
radii of neutron stars (rextr < Rmin). For all values of n,
the central radius of the trapping zone rc < rextr, guar-
8TABLE I. List of parameters describing polytropic fluid sphere of given n having σ = σmax. For calculation of scale parameter
L, value 5× 1015 g cm−3 was used as %c.
n σmax R [km] M/M rc [km] %(rc)/%c rb [km] %(rb)/%c rextr [km] %(rextr)/%c
4.0 0.80000 1.87× 108 1251.82 6.2323 0.23344 11.0981 0.04914 9.9120 0.06835
3.9 0.79592 3.99× 107 1102.78 6.2476 0.23275 10.9720 0.05055 9.8988 0.06840
3.8 0.79167 9.27× 107 1602.90 6.2639 0.23200 10.8431 0.05205 9.8854 0.06843
3.7 0.78723 64276.3 54.1217 6.2813 0.23115 10.7111 0.05367 9.8719 0.06845
3.6 0.78261 21288.2 42.8887 6.3001 0.23021 10.5758 0.05541 9.8584 0.06843
3.5 0.77778 11280.6 34.6763 6.3203 0.22916 10.4370 0.05730 9.8448 0.06839
3.4 0.77273 7173.57 28.0331 6.3422 0.22798 10.2943 0.05935 9.8313 0.06831
3.3 0.76744 4998.89 22.3502 6.3661 0.22664 10.1475 0.06158 9.8179 0.06819
3.2 0.76190 3598.36 17.3233 6.3923 0.22512 9.9961 0.06404 9.8047 0.06801
3.1 0.75610 2476.05 12.8706 6.4211 0.22338 9.8396 0.06674 9.7919 0.06777
3.0 0.75000 1446.86 9.21101 6.4531 0.22138 9.6774 0.06975 9.7796 0.06746
2.9 0.74359 692.632 6.71466 6.4890 0.21906 9.5088 0.07313 9.7680 0.06706
2.8 0.73684 325.643 5.27798 6.5297 0.21633 9.3327 0.07695 9.7574 0.06655
2.7 0.72973 173.764 4.45141 6.5766 0.21308 9.1475 0.08134 9.7481 0.06591
2.6 0.72222 106.141 3.92699 6.6317 0.20915 8.9513 0.08646 9.7406 0.06510
2.5 0.71429 71.9182 3.55954 6.6981 0.20429 8.7406 0.09257 9.7356 0.06410
2.4 0.70588 52.5214 3.28159 6.7817 0.19804 8.5094 0.10011 9.7338 0.06285
2.3 0.69697 40.5057 3.05917 6.8949 0.18950 8.2453 0.11002 9.7365 0.06128
2.2 0.68750 32.5327 2.87357 7.0776 0.17591 7.9080 0.12503 9.7454 0.05931
anteeing thus that the trapping is possible for all con-
sidered polytropes. However, there is rb < rextr only for
the polytropes with n < 3.1. Only for these polytropic
spheres the whole trapping zone will be contained in the
allowed region of the polytropic sphere.
We can also see that the energy density at the loci of
the stable circular geodesic are on the level of 10−1ρc,
but only on the level of 10−2ρc at the unstable circu-
lar null geodesic giving the outer edge of the trapping
zone. Of course, the energy ratio depends significantly
on the values of the spacetime parameters n, σ, ρc, as
demonstrated in Tab. I. On the other hand the ration
%(rextr)/%c ∼ 0.07 with only slight dependence on n.
In order to illustrate the situation of the physical
relevance of the trapping zones, we give in Fig. 5
the functions m(rc;n, σmax) and m(rb;n, σmax), and
in Fig. 6 the functions rc(n, σmax), rb(n, σmax) and
rextr(n, σmax). In order to have a good insight into
the character of the trapping polytropes, we give also
the functions ρ(rc)/ρc(n, σmax), ρ(rb)/ρc(n, σmax), and
ρ(rextr)/ρc(n, σmax) in Fig. 7. We give these functions
for three characteristic selections of the central den-
sity: %c = 10
15, 5 × 1015, 1016 g cm−3. The numeri-
cal results show that whole the trapping zones are lo-
cated under rextr for all the polytropes with n ≤ 4, if
ρc = 10
16 g cm−3. On the other hand, whole the trap-
ping zones are located above rextr for all the polytropes
with n ≤ 4, if ρc = 1015 g cm−3 — in this case the
trapping effect should be physically implausible. In the
intermediate case of %c ∼ 5 × 1015 g cm−3, the trapping
zones can be fully contained in polytropes with n ≤ 3.
For n > 3, the trapping zones reach the polytrope surface
at rextr.
C. Effective potential of null geodesics
We test validity of our results, based on the study of
the embedding diagrams of the optical geometry of the
polytropic spheres, by using the direct study of the effec-
tive potential of the null geodesics that gives whole the
information on the trapping zones [2].
Four-momentum pµ of particles moving along null
geodesics satisfies the geodesic equation (λ is an affine
parameter)
Dpµ
dλ
= 0, (52)
simultaneously with the normalization condition
pµpµ = 0. (53)
Because of the spherical symmetry of the studied inter-
nal metric, the motion plane is central, and for a single-
particle motion it is reasonable to choose the equatorial
plane (θ = pi/2). Moreover, axial symmetry and time in-
dependence of the metric induce existence of two Killing
vector fields resulting in conserved energy and axial an-
gular momentum of the particle
E = −pt, L = pψ. (54)
9Then the radial component of the geodesic motion, de-
rived using (53), has to fulfill the relation
(pr)2 = e−2(Φ+Ψ)E2
(
1− e2Φ `
2
r2
)
, (55)
where ` ≡ L/E is the impact parameter. For both the
internal and external spacetime of the polytropic sphere,
the turning points of the radial motion can be thus ex-
pressed by an effective potential Veff with respect to the
impact parameter. The motion is then allowed in regions
where the impact dimensionless parameter ˜` satisfied the
condition
˜`2 ≡ `
2
L2 ≤ V
int/ext
eff ≡
ξ2
exp(2Φint/ext)
. (56)
In the polytrope interior with parameters (n, σ), the ef-
fective potential V inteff is determined by the metric coef-
ficient gtt(ξ;n, σ) having its radial profile fully governed
by the function θ(ξ;n, σ).
Condition for existence of the local maxima and
minima of the internal spacetime effective potential,
dV inteff /dξ = 0, determines the loci of the null circular
geodesics in terms of equation
θ(ξ) + (n+ 1)ξ
dθ(ξ)
dξ
= − 1
σ
. (57)
For given polytrope index n, the limiting case corre-
sponding to coalescence of the radii of the circular null
geodesics at an inflexion point of the effective potential,
determined by the condition d2V inteff /dξ
2 = 0 implying
the relation
1+σ
{
σθ(ξ)2 + (n+ 1)ξ
[
dθ(ξ)
dξ
(
4 + (2n+ 1)σξ
dθ(ξ)
dξ
)
+ ξ
d2θ(ξ)
dξ2
]
+ θ(ξ)
[
2 + (n+ 1)σξ
(
4
dθ(ξ)
dξ
+ ξ
d2θ(ξ)
dξ2
)]}
= 0,
(58)
gives the minimal allowed value of the relativistic param-
eter σmin(n). For a given n > 2.138, allowing existence
of the circular null geodesics, we can find the minimal
value of the relativistic parameter σmin(n) due to simul-
taneous solving of the condition for an inflexion point of
the effective potential, with the extrema relation given by
Eq. (57), we obtain a simple relation governing σmin(n)
in the form
(n+ 2)
dθ(ξ)
dξ
+ (n+ 1)ξ
d2θ(ξ)
dξ2
= 0. (59)
The two solutions of Eq. (57) for given n and σ ∈
(σmin, σmax ≡ n/(n+ 1)) give the stable circular null
geodesics located at rc where d
2V inteff /dξ
2 < 0 and unsta-
ble circular null geodesics at rb where d
2V inteff /dξ
2 > 0.
The effective potential V inteff (ξ;n, σ) is constructed for
the trapping polytropes with index n = 3 for vari-
ous values of relativistic parameter from the interval
σmin(n) < σ < σmax(n) and illustrated in Fig. 8. The
stable (unstable) null geodesics correspond to the local
maxima (minima) of V inteff . Their positions are given by
values of ξ close to 1 for the whole region of trapping.
This means that for large configurations the trapping
zones are located nearby the centre, but for small con-
figurations they are located near the surface. The exact
ratio rc/R is obtainable using Tab. I for selected values
of n (for σmax).
We demonstrate the dependence of the extension of the
trapping zone on the parameter σ. The zone extension is
given by the intersection of the line Veff(r = rb(n, σ)) =
const with the effective potential at r < rc(n, σ), denoted
as rin(n, σ). The trapped null geodesics are restricted
just to the region rin(n, σ) < r < rb(n, σ).
0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3
14.0
14.5
15.0
15.5
16.0
16.5
FIG. 8. The null geodesic effective potential V inteff reflecting
the trapping phenomenon for the polytrope spacetime hav-
ing parameters from the trapping region in the n–σ space.
The effective potential is illustrated for the n = 3 polytropes.
Parameter σ is evenly distributed between its maximum and
minimum value. For each pair {n, σ}, loci of the stable and
unstable circular null geodesics are marked. The rin radius is
constructed for σ = σmax effective potential.
D. Local compactness radial profiles of the
trapping polytropes
Finally, we consider the behavior of the compactness
of the trapping polytropic spheres. We present the com-
pactness of the total polytropic spheres and the com-
pactness related to their interior at rc, rb, and rextr
for the polytropes with maximal relativistic parameter,
and for the central density ρc = 5 × 1015 g cm−3 in
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TABLE II. List of compactness parameters describing poly-
tropic fluid sphere of given n having σ = σmax. Compact-
ness C(R), C(rc) and C(rb) are independent on central den-
sity %c. Values of C(rextr) are calculated for central density
%c = 5× 1015 g cm−3.
n σmax C(R) C(rc) C(rb) C(rextr)
4.0 0.80000 9.88× 10−6 0.25492 0.29788 0.29794
3.9 0.79592 4.08× 10−5 0.25595 0.29829 0.29834
3.8 0.79167 2.55× 10−5 0.25703 0.29872 0.29874
3.7 0.78723 0.00124 0.25817 0.29914 0.29915
3.6 0.78261 0.00297 0.25937 0.29956 0.29956
3.5 0.77778 0.00454 0.26065 0.29998 0.29998
3.4 0.77273 0.00577 0.26199 0.30040 0.30039
3.3 0.76744 0.00660 0.26342 0.30081 0.30080
3.2 0.76190 0.00711 0.26493 0.30121 0.30120
3.1 0.75610 0.00768 0.26655 0.30160 0.30160
3.0 0.75000 0.00940 0.26828 0.30197 0.30198
2.9 0.74359 0.01432 0.27014 0.30230 0.30233
2.8 0.73684 0.02393 0.27215 0.30260 0.30266
2.7 0.72973 0.03783 0.27434 0.30283 0.30295
2.6 0.72222 0.05463 0.27673 0.30299 0.30318
2.5 0.71429 0.07308 0.27939 0.30301 0.30334
2.4 0.70588 0.09226 0.28241 0.30283 0.30340
2.3 0.69697 0.11152 0.28595 0.30228 0.30331
2.2 0.68750 0.13043 0.29057 0.30084 0.30304
Tab. II. We can see that the compactness of the com-
plete polytropes is very small, especially for n close to
n = 4. However, surprisingly, even the compactness
inside the polytrope at the centre of the trapping zone
(rc) and its outer boundary (rb) is not close to the crit-
ical value of C = 1/3. There is always C(n, σmax) <
C (rc(n, σmax)) < C (rb(n, σmax)).
One could intuitively expected that the compactness
inside the region where trapping effect occurs is high and
maximal nearby the radius rc. However, this is not true,
as seen in Fig. 9 giving the dimensionless radial profiles
of the compactness function C(ξ) for selected values of n
and related maximal value of σ.
It is explicitly demonstrated that the maximal values
of the compactness function C(ξ) occur nearby (slightly
above) the outer edge of the trapping zone and never
cross the critical value of C = 1/3. The maximal value of
the compactness function increases with decreasing value
of the polytropic index n. It seems that the trapping
phenomenon is ruled by the strong gradient of the com-
pactness function C(r) rather than by the compactness
itself.
VI. CONCLUSIONS
In our study we demonstrate existence of standard gen-
eral relativistic polytropes containing zone of trapped
0.5 1.0 1.5 2.0 2.5 3.0
0.22
0.24
0.26
0.28
0.30
FIG. 9. The radial profiles of the local compactness in the
region of trapping and in its vicinity. Profiles are plotted
for n ∈ {2.138, 2.5, 3, 3.5, 4} and the corresponding maximal
value of σ. On each of the local compactness profile, loci of
the stable and unstable circular null geodesics are marked.
null geodesics. The trapping polytropes can exist, if the
polytropic index n ≥ 2.1378, and the relativistic param-
eter σ is sufficiently high, but lower than the maximal
value given by the causality limit. The critical value of
the relativistic parameter related to the n = 2.1378 poly-
trope reads σmax = 0.681. For whole range of polytropic
indexes, the trapping zone can not exist, if σ < 0.677.
Estimates on limits on the polytropic indexes are pre-
sented for some equations of state in [25]. The possibility
to apply different polytropic equations of state at differ-
ent regions of the neutron star radial profile is mentioned
in [25]. Moreover, our preliminary searches indicate exis-
tence of the trapping zones in neutron star models related
to sufficiently realistic equations of state.
The trapping polytropes do not fulfill the standard re-
quirement on the existence of extremely compact objects
stating that the surface has to be located under the pho-
ton circular orbit of the external spacetime, and C > 1/3,
established for the configurations with uniformly dis-
tributed energy density [2]. We have demonstrated in-
verse — the compactness parameter can be much lower
than the critical value of C = 1/3. Moreover, even the
local compactness radial profile C(ξ) is not reaching this
critical value, and its maximum lies outside the trapping
zone. Seemingly, the gradient of the local compactness
functions is decisive for occurrence of the trapping effect.
We have considered, if the existence of trapping poly-
tropes could be physically relevant, namely, in the case
of neutron stars. We thus assumed applicability of the
polytropic equation of state up to the region where the
gravitational mass of the polytropic configuration reaches
the value of M = m(rextr) = 2M, given by the recent
observational restrictions on the neutron star mass. The
trapping polytropes representing neutron stars can exist,
if the trapping zone is located under the radius of appli-
cability rextr. We have shown that the trapping n = 3
polytropes can exist, if the central energy density reaches
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the value of ρc = 5× 1015 g cm−3.
The trapping zones of the polytropes with index n = 3
(or n ∼ 3) could be expected to give astrophysically rel-
evant illustration of the effect of trapped null geodesics,
as the n = 3 polytropes corresponds to the ultrarelativis-
tic degenerated Fermi gas that could serve as an astro-
physically relevant basic approximation of matter in the
central parts of neutron stars [9]. Moreover, it is known
that the realistic equations of state could be, at least par-
tially, approximated by the polytropic equations of state
[25–27].
We expect that the trapping zones of the general rel-
ativistic polytropes could be relevant in the trapping of
neutrinos and related cooling of neutron stars, or in the
case of trapping of gravitational waves.
Stability of the trapping polytropes will be studied in
a forthcoming paper. Of course, it could be also inter-
esting to study possibility of existence of trapping zones
in polytropes governed by alternative gravitational theo-
ries and, especially, in neutron stars governed by recently
considered realistic equations of state.
ACKNOWLEDGMENTS
ZS has been supported by the Albert Einstein Centre
for Gravitation and Astrophysics financed by the Czech
Science Agency Grant No. 14-37086G. J.N. and Z.S. were
supported by the Silesian University at Opava internal
grant SGS/14/2016.
[1] M. A. Abramowicz, Phys. Rep. 311, 325 (1999).
[2] Z. Stuchl´ık, J. Hlad´ık, M. Urbanec, and G. To¨ro¨k, Gen-
eral Relativity and Gravitation 44, 1393 (2012).
[3] Z. Stuchl´ık, Acta Phys. Slovaca 50, 219 (2000).
[4] Z. Stuchl´ık, S. Hled´ık, J. Sˇolte´s, and E. Østgaard,
Phys. Rev. D 64, 044004 (2001).
[5] C. G. Bo¨hmer, General Relativity and Gravitation 36,
1039 (2004), gr-qc/0312027.
[6] J. Hlad´ık and Z. Stuchl´ık, J. Cosmology Astropart. Phys.
7, 012 (2011), arXiv:1108.5760 [gr-qc].
[7] J. M. Lattimer and M. Prakash, Nuclear Physics A 777,
479 (2006).
[8] Z. Stuchl´ık, S. Hled´ık, and J. Novotny´, Phys. Rev. D 94,
103513 (2016), arXiv:1611.05327 [gr-qc].
[9] S. L. Shapiro and S. A. Teukolsky, Black Holes, White
Dwarfs and Neutron Stars: The Physics of Compact Ob-
jects (John Wiley & Sons, New York, 1983) p. 672.
[10] Z. Stuchl´ık, Bulletin of the Astronomical Institutes of
Czechoslovakia 34, 129 (1983).
[11] Z. Stuchl´ık and S. Hled´ık, Phys. Rev. D 60, 044006
(1999).
[12] Z. Stuchl´ık, Modern Physics Letters A 20, 561 (2005),
arXiv:0804.2266.
[13] Z. Stuchl´ık, S. Hled´ık, and J. Jura´nˇ, Classical and Quan-
tum Gravity 17, 2691 (2000), arXiv:0803.2533 [gr-qc].
[14] R. F. Tooper, Astrophysical Journal 140, 434 (1964).
[15] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravita-
tion (W.H. Freeman and Co., San Francisco: W.H. Free-
man and Co., 1973, 1973).
[16] M. A. Abramowicz, B. Carter, and J. P. Lasota, General
Relativity and Gravitation 20, 1173 (1988).
[17] M. A. Abramowicz, MNRAS 245, 733 (1990).
[18] M. A. Abramowicz, J. C. Miller, and Z. Stuchl´ık,
Phys. Rev. D 47, 1440 (1993).
[19] J. Kova´rˇ and Z. Stuchl´ık, Classical and Quantum Gravity
24, 565 (2007), gr-qc/0701028.
[20] O. Semera´k, Nuovo Cimento B Serie 110, 973 (1995).
[21] Z. Stuchl´ık, G. To¨ro¨k, S. Hled´ık, and M. Urbanec, Clas-
sical and Quantum Gravity 26, 035003 (2009).
[22] J. M. Lattimer, General Relativity and Gravitation 46,
1713 (2014).
[23] N. Chamel, P. Haensel, J. L. Zdunik, and A. F. Fantina,
International Journal of Modern Physics E 22, 1330018
(2013), arXiv:1307.3995 [astro-ph.HE].
[24] J. M. Lattimer and M. Prakash, Phys. Rep. 621, 127
(2016), arXiv:1512.07820 [astro-ph.SR].
[25] J. S. Read, B. D. Lackey, B. J. Owen, and J. L. Fried-
man, Phys. Rev. D 79, 124032 (2009), arXiv:0812.2163.
[26] F. O¨zel and D. Psaltis, Phys. Rev. D 80, 103003 (2009),
arXiv:0905.1959 [astro-ph.HE].
[27] A. W. Steiner, J. M. Lattimer, and E. F. Brown, Astro-
physical Journal 722, 33 (2010), arXiv:1005.0811 [astro-
ph.HE].
